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Abstract 



This article gives a description of invariant subspaces for the backward shift generated 
by vector valued lacunary series and by a class of lacunary power series in H 2 (H), X), 
(where X is an Hilbert space). In particular, we show that these series / in i/ 2 (ED, X) are 
cyclic vectors if and only if the queue of Taylor coefficients {/(&), k > N} generates the 
whole space X. Analogues of this result are obtained for some functions whose spectrum 
is a finite union of lacunary sequences and in the polydisc. In the scalar case H 2 , we give 
a criterion on the Fourier spectrum of the function to have cyclicity for any power of the 
backward shift. 

Introduction 

H 2 (J}, X) is the Hardy space of X- valued functions / that are holomorphic in the disc 
B = {C : C G C , |C| < 1} and such that, 



:= sup / ||/K)|&<MC)<°o, 
0<r<lJT 

where T = {£ : \(\ = 1} is the unit circle and m is the normalized Lebesgue measure on T. 
We will write H 2 for H 2 (B, C). 

The shift operator S and its adjoint S* act in H 2 (3, X) by the formulas, 

S x f = zf, S* x f = f - J (0) , 

where z is the "independant variable" i.e. the identity mapping of the disc B (or circle T) onto 
itself (21(C) = C)- For shortness and when it is clear in which spaces these operators are acting, 
we will write S and S* for Sx and S x , 

It is well known (see [5]) that H 2 (IS>, X) can be described as the space i 2 (X) of power series 
f( z ) = J2f(n)z n such that f(n) G X and ^||/( n)\\ x < oo and if a function g 6 H 2 (jD>, X) 

n>0 n>0 

is represented by the sequence of its Fourier coefficients, g = {^(0), ^(1), ?(2), . . .}, S and S* 
are called respectively the forward (right)and the backward (left) shifts, 

S{g(0),g(l),g(2), ...} = {0, g(0),g(l), ...}. 

S*{g(0), g(l), g{2), . . .} = {g(l), g(2), g(3), . . .}. 
Giving a familly of functions F C ff 2 (B, X), we consider the 5*-invariant subspace 

E F d = f span(S* n f : n > 0, / G F). 
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A familly of functions F C H 2 (J$, X) is said to be cyclic for the backward shift if 

E F = H 2 (B, X). 

In the case of a finite dimensional space X = C d , the space H 2 (3, X) can also be described 

in others ways: in terms of coordinate functions, namely, / = (fi)i<i<d , fi G H 2 and ||/|| 2 = 
d 

^^||/i|| 2 and we can represent the shift operateurs as an orthogonal sum of scalar shifts, 
1 

s d = s © . . . e s ■. h\ — ► h% et s d = s* © . . . e s* ■. H 2 d — > Hj, 

where H d = H 2 © ... © H 2 . Then, the cyclicity of a vector- valued function / = (fi)\<i<d in 
H 2 (0, C d ) means the possibility of "simultaneously approximating" any set (gi)i<i<d where 
g% G H 2 , 1 < i < d: there is a sequence of complex polynomial (p n )n>i such that, 

lira p n (S*)fi =g i} 1 < i < d. 

n 

The "Fourier spectrum" (called also the frequency spectrum) and for shortness, the spectrum 
of the function / G H 2 (B, X) is the set 

a(f) = a T (f) = {k > : f(k) + 0}. 

A function / holomorphic in D is said to be a-spectrale if a(f) C a and Hadamard lacunary 
power series are functions of the form; 

oo 

f(z) = ^2a,kZ Uk , and such that nk+1 > d > 1 , V k, 
k=i Uk 

(the constant d is independant on k) then / is a-spectral and a is a lacunary set (in the sense 

of Hadamard) . 

Given a set A C N, we note 

H 2 A (B, X) = {/ G H 2 (0, X) : a(f) C A}. 

The problem of cyclicity for an operator T in an Hilbert space is connected to the problem 
of the existence of non-trivial T-invariant subspaces. More precisely, there exists a none 
cyclic vector x ^ if and only if there exists a none trivial T-invariant subspace and the 
basic motivations for the study of invariant subspaces come from interest in the structure of 
operators and from approximation theory. 

This article deals with the phenomen of cyclicity for the backward shift. In the first part, we 
want to give a description of 5*-invariant subspaces generated by a class of lacunary series 
and we will study the open problem of the cyclicity of lacunary series in H 2 (I$, X) where X 
is a separable Hilbert space. In particular, we obtain an explicit criterion for the cyclicity of 
lacunary series which sequence formed by its Taylor coefficients is completly relatively compact 
(c.r.c). As we will see forwards in details, a sequence (x n ) n >i C X is said to be c.r.c. if for 
any orthogonal projections P : X — > A, the normalized sequence {Pa? n /||Px n || : Px n ^ 0} 
is relatively compact. We will see that this class of sequences coincides with all the sequences 
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when X is of finite dimension and for every separable space X, there exists c.r.c. sequences 
which generated the whole space X. In the second part of this paper, we will see how we 
can connect our results to the scalar case and give a criterion of cyclicity for any power of 
the backward shift. The third part deals with some particular series whose spectrum is a 
finite union of lacunary series and in the fourth part we generalize some of our results to the 
polydisc. 

Recall that the first results of cyclicity in the scalar case H 2 were obtained by R. Douglas, 
H. Shapiro and A. Shields in 1970 (see [4]) which is a reference for the study of cyclicity of 
the backward shift and source of inspiration for many autors. In fact, their paper contains 
two approches concerning the cyclicity of lacunary series. The first approach is based on a 
pseudocontinuation and some purely arithmetic properties of the spectrum. By this approach, 

oo 

they proved that if f(z) = ^^a^z 2 € H 2 and if 7^ for an infinity of k then / is cyclic 

k=0 

for the backward shift. This approach can be applied to some not so spare spectrum as for 
example sets of the form E = {n 2 + m 2 : n, m € Z} (see [2]) or also E = {p n : n G N} where 
{Pn}n£N is the sequence of prime numbers. On the other hand, it is not clear whether this 
method can be applied to some irregular Hadamard lacunary series. 

The second approach is to work with Taylor coefficients and consider relations between the 
spectrum and the approximation ability of the whole space by linear combinations of the 
truncated queue of Taylors coefficients S* n f(z) = ^f{k + n)z ~. This technique uses the 

k>0 

following property verify by lacunary series, 

sup card{(m, n) G A 2 : m 7^ n, m — n = /} < 00. 

R. Douglas, H. Shapiro and A. Shields proved that a lacunary serie which is not a polynomial 
is cyclic in H 2 and E. Abakumov in his paper [TJ proved the result under the weaker condi- 
tion that the spectrum is a finite union of lacunary sets. We also recall the result of A. B. 
Aleksandrov [3] who proved that series whose spectrum is infinite and included in a A(l) set 
(which is a more general set than lacunary sets, finite union of lacunary sets and even Sidon 
sets) are cyclic. 

What can we say about cyclicity of lacunary series in the more general Hardy space H 2 (H), X) 
with values in an Hilbert space X. The problem of cyclicity when the dimension of X is finite 
was raised by N. K. Nikolskii and V. I. Vasyunin (see [8]) who introduced a classification and 
give a study of functions in iJ 2 (B, C d ) according to their degree of non-cyclicity to analyse 
the phenomen of cyclicity in the vector- valued case. Our approach here is based on the use of 
Taylor coefficients and the properties on the spectrum of lacunary series. 



1 Lacunary series 

1.1 Completly Relatively compact sequences 
Definition 1.1 Let X be an Hilbert space. 

A sequence (afc)fc>o of elements in X is said completly relatively compact (c.r.c.) if for any 
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orthogonal projection P : X — > X and rj = {k > : Pa k ^ 0}, the sequence ( \\Pal \\ )k&-q * s 
relatively compact in X. 

Remark : In a finite dimensional space, every sequence is c.r.c. 

In the following Lemma we can see that even in the more general case of Banach spaces 
of infinite dimension, there exist sequences which generate the whole space and verifying a 
condition nearly the same as c.r.c. obtened by replacing the orthogonal projections by linear 
bounded operator. 

Lemma 1.1 For any separable Banach space X , there exists a sequence (cik)k>0} a k £ X such 
that 

1) span(ak ■ k € A) = X for any infinite set A CN. 

2) For any bounded linear operator T : X — ► X , 

(^) . = { fc>0:Ta^0} 



is relatively compact in X . 
Proof : Let (x k )k>i C X be a normalized sequence such that span(xk : k > I) = X and, 

A fe G C* 



|Afc| < 1, Aj + Xj, i£ j 
lim \ k = 0. 



Then a k = f(\ k ) V fc > 1 where /O) = Xj is holomorphic in D with values in X. 
To prove that the sequence (a k )keA generates X, we consider ip G X* such that, 

tp(a k ) = 0, V k G A. 
To show that <p is equal to on the whole space X, we take 

i> ■ z >-> <p(f(z)) = ^2z 3 ip(xj) 

a holomorphic function such that, 

ip(X k ) = p(f(\ k ) = <p(a k ) = 0, V k G A. 

Note that the sequence (Aj)j>i of distinct complex converges to and is a sequence of zeros for the 
function ip which is holomorphic in the disc then by the principle of the isolated zeros ip = 0. Therefore 
its Taylor coefficients are null and, 

<p(xj) = 0, Vj>l. 

Since the familly {xj)j>\ is dense in X then we have ip = 0. 

We now prove the second part of the Lemma, let T G C(X) be a bounded linear operator, then 

Ta k = Tf(\k) = TC£\ixj) = J2 X lTx 3 - 
j>i j>i 

If T = 0, the property is obvious. If T ^ 0, there exists j > 1 such that Tzj 7^ Ox- Let, 

m = min{j : Txj ^ 0} 
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and Tau = J2 x I Tx j = >%Tx m + J2 X i Tx J = X T(Tx m + o(l)) when k — > oo because the sequence 

j>m j>'m 

(Afe)fe>i converges to 0. The continuity of the norm allows us to have, 

||Tofc|| = |A^|(||Ta; m ||+o(l)) ) fc -» oo. 

Therefore, 

Ta k X^(Tx m + o(l)) 

\\Ta k \\ \\™\(\\Tx m \\ + o(l))' 

The result follows. (Note that if V k, Xk > 0, the sequence ( \\Talw )k>i ^ as a nnn t-) n 

This deflniton of c.r.c. sequences will be very usefull to prove ours results in the Hardy space 
H 2 (3, X) where X is an Hilbert space, and this definition because of the previous remark, 
contains all the sequences in the case of the finite dimension (dirnX < oo). Also Lemma ll. II 
shows that in the case where the dimension of X is infinite, the c.r.c. sequences are not only 
the sequences who generate finite dimensional subspaces. 

1.2 ^-invariant subspaces generated by lacunary power series and cyclicity 

In this part, we will give a description in H 2 (3, X) (where X is an Hilbert space) of S*- 
invariant subspaces generated by lacunary series whose sequence of Taylor coefficients is c.r.c. 
We first give a necessary condition of cyclicity for any familly of functions F C H 2 (3, X) 

Lemma 1.2 Let F C H 2 (B, X) and E F = span(S* n F : n > 0). If F is cyclic then 

X,{F)=X, 

where X*(F) = Pi m >ospan(f(k) : k > m, f G F) , 

Proof : Suppose X*(F) ^ X. Then, there exists to > such that 

X m := span x (f(k) : k > m, f e F) ^ X. 

For every / G F, S* m f 6 i? 2 (D, X m ) then V g G E Fl S* m g G H 2 (B, X m ). Therefore, V g £ E F we 
write g = p + h, h G H 2 (B, X m ) with deg(p) < to - 1, and it is clear that E F ^ H 2 (B 7 X). □ 

This Lemma presents a necessary condition for cyclicity of a function in H 2 (I$, X). In what 
follow, we will give the cases where this condition is sufficient for lacunarity. Of course, 
in the general case under no condition on the spectrum er(/), / G H 2 (H>, X), the assertion 
X*(f) = X is not sufficient for cyclicity. 

Notation: 



E f = span H2( p X) (S* n f:n>0). 
X*(f) = H s P an x(f(k) : k>n). 



n>0 

t2. 



Xoo(f) = spanx (closed subspaces F of X such that-ff (F) C E s *n j VA^ > 0). 

In what follows and when there will be no possible ambiguity on the considered function 
/, we write X* and Xoo respectively for X*{f) and X oa (f) to simplify the notations. The 
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Theorems proved in this section give us information on the nature of the S'*-invariant subspaces 
generated by lacunary series. Theorem 11.11 shows that these spaces split into two parts, two 
supplementary subspaces, one of them is a doubly invariant subspace (which means that it 
is invariant for S and its adjoint S*) and the other one is a finite dimensional .^-invariant 
subspace generated by a polynomial. 

oo 

Theorem 1.1 Let X be a separable Hilbert space and f( z ) = ^2a k z n " G H 2 {B, X) a lacu- 

k=l 

nary series such that the sequence (ak)k>i is c.r.c, then 

E f = H 2 {B, X,)@E p 
where p is a polynomial and p = f — Px*f ■ 
Let A C N be a sequence of integers. Recall the notation, 

HftB, X) : = {/ G H 2 (B, X) : a(f) C A}. 
We obtain the following Theorem concerning the cyclicity of c.r.c. lacunary series. 

Theorem 1.2 Let X be a separable Hilbert space, A C N an infinite lacunary set, F a familly 
of functions in iJ^(B, X) such that\/ f G F, (/(&))fc>Q is a c - r - c - sequence in X. 
The following statements are equivalents. 

(i) span x (X,(f) : feF)=X, 

(ii) F is cyclic in H 2 (D, X). 

Remark : The implication (ii) => (i) as we see it before is correct for any familly of functions 
F C H 2 (B, X) (see Lemma [O]). 

If the familly F is made by only one function, F = {/}, Theorem 1 1 . 21 gives this simple criterion 
of cyclicity, 

Corollary 1.1 Let f be as in Theorem \l.S\, 

f is cyclic O X* (/) = X. 

Lemmas I1.3M1.5I below recall some well known facts on sequences and numerical series that 
will help us to prove our results. 

Lemma 1.3 // (rik)k>i is a lacunary sequence of non negative integers such that 

n k+i ^ d.rik V/c > 1, 

for some d > 1, then there exists a number M such that for any integer N it cannot have more 
than M representations on the form N = rij — n^. 

oo 

Lemma 1.4 Let {b n ) n >\ be a sequence such that for any n ^ 0, b n ^ and ^ ^ bn ^ oo. 

n=0 

If (nk)k>o is a lacunary sequence, then 

oo 

fc=l j>k 



6 



Lemma 1.5 If b n > 0, ' S ^b n < oo and if r n = then 

n=0 k>n 
oo , 

Et>n 
— = OO. 
r n 

n=0 

First, we need to prove that X* = X^. 

oo 

Lemma 1.6 Let X be a separable Hilbert space and f(z) = ' s ^akZ rik € H 2 (B, X) a lacunary 

k=l 

series which is not a polynomial and where the sequence (■pnr)fc>i is relatively compact. 
Then, there exists a non-zero element x € X such that 

H 2 ®xd E s , Nf V iV > 0. 

Proof : The proof of this Lemma is an adaptation of the proof given by R. Douglas, H. Shapiro and 

A. Shields in their paper (see [4]). 

Let 

OO 

f(z) = J2a h z n ". 
fc=i 

For any fixed integer N, j > 0, there exists an integer fco such that for any k > ko, n k — Uk-i > j + N 
(which is possible since / is a lacunary series ). We consider 

a*nk-N— i a*N j! ak „i < „i V ai „n,-n k 



q*n k -N-j o*N f _ u k j j 



Kll J \\a k \\ 



Take r k = - z™ ! " fc . We want to prove that any neighbourhood of for the weak topologie 

contains one of the rk ■ We consider the neighbourhood on the following form 

V = {he H 2 (D, X) : \(h, hi)\< 1, 1 < i < n). 

oo 

The functions h%{i = 1, . . . n) are given elements in H 2 (D, X) and hi(z) = hi(k) z k . We obtain 



ai 

l>k 

, 112 \ / 

2 



(r fe ,M| 2 < ( k{ni-n k )) 



k=l 

2 



Suppose none of the r/c belongs to V, then 1 < max \(rk,hi)\ V > ko. Therefore, 

l<i<n 

1 1 1 1 2 n 

/ j \\ a l\\ ~ l ~ n l>k i=ll>k 

l>k 

Taking the sum on k, we obtain a contradiction: the left side diverges because of Lemma fOl since the 
right side converges by Lemma fOl and so each neighbourhood of for the weak topologie contains one 
of the rfc. Then there exists a suitable convergent normalized subsequence (j^j)i>i (since (ak)k>a is 
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c.r.c), such that the limit x is none zero . The sequence (r^J^i does not depend on N neither on j, 
and x verifies 

xz J € E S N f V j > 0, V N > 0. 

Finally, 

H 2 O X C E^.^ V TV > 0. 

□ 

Now, we are able to prove the first inclusion 

C X*. 

(see Corollary 11.31 below). Note that this inclusion, Lemma [L7l Corollaries 11.21 and 11.31 de- 
pend on general properties of ^-invariant subspaces and not on the lacunarity of a series in 
H 2 iJ}, X) or even on the dimension of X. 

Lemma 1.7 Let x, y two elements taken in H 2 (I$, X). Then, 

y G E x => yi G span(xj : j > 0) V« > 0. 
Proo/ : Let x, y E H 2 (B, X), then 

OO OO 

a: = ^Ja:^ , y = ^y % z\ 

i=0 i=0 



For any fixed io, 



1>J 



Since y E E x and this subspace is stable by S* then S""°y € E x therefore there exists a sequence of 
complex polynomials such that, 



S* l °y = lim p n (S*)x = y ia + V y^ 1 

7i — * no * ■ 



So, 

y l0 = lim [p n (5*)x](0). 

Or, 

[p„(5*)x] (0) € span(xj : j > 0). 
Finally, we obtain y !o G span(xj : j > 0). □ 



Corollary 1.2 Zei /(*) = ^V,^, y = Jjfcz* G H 2 (0, X). Then, 

j>1 »>l 

y G E$* n k f => Vi G span{a,j : j > k) V i > 0. 
Proof : We take a; = S* nfe / in Lemma O □ 
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Corollary 1.3 Let f, y as in the previous Corollary. Then, 

y G H 2 (B, Xoo) => yi G X* = P| span(aj : j >k) , Vi > 0. 

k>\ 

Therefore, 

C X*. 

Proof : By the definition of X x , P 2 (D, X^) C f] E s ^ kf . It suffices to apply Corollary O □ 

fc>i 

The second step is to prove the inverse inclusion to have the equality X* = X^. For that, we 
consider the following subspace, 

A = E f eH 2 (0, XJ. 
And the orthogonal projection P A on A given by 

P Af = f - fff2(B,X 00 )/- 



Lemma 1.8 Let f{z) = ^^a^z"* G i/ 2 (D, X) a lacunary series, then 

k>0 

(i) a(P A f)Ca(f). 

(ii) P A f is a polynomial. 
Proof : Note that, 

oo oo 

Pf 2 (]D>, Xoo) := {x = V] x k z k such that x k G Xoo and || 2 < oo} . 

fc=0 k=0 

oo 

In fact, i 3 fj-2(D,x 0O ) is a projection defined by componants and Px := '^^{Px aa x k )z k , where is 

fe=0 

the orthogonal projection on X^ in X. 

It is clear that if x G iJ 2 (E>, X^), Px = x. On the other side, if x G H 2 (B, X^) 1 - = H 2 {B, X^), 
then Px = and, 

We write, 

oo 

{PR 2 (D, Xoo) /) (^) = E^^)^' 
fc=l 

which give (i). To prove (ii), suppose P A f is not a polynomial and denote that 

P A f G P/, 

because Pa/ = f — PH 2 (B,x 00 )f and by the definition of X^, we have P 2 (E5, X^) C Ef. To simplify 
the notations, we take 

oo oo 

y = J2 Vk* k = Pa! = £(P (Xoo) xa fc )z"*, 

fe=0 fc=l 
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where y nk = P {Xx ,)±a k 6 A^. 

According to what is previous, PaJ is a lacunary series and the sequence (ak)k>o is c.r.c. then 
( llvn* l | )fc>Q ^ S re l a tively compact and since we suppose that it is not a polynomial, Pa/ verifies Lemma 
11.61 and. 

3x^0, (\\x\\ = 1) and x ® H 2 C span(S* k P A f :k>N), V JV > 0. 
a; G A^ because x is the limit of a subsequence ( y^"^ \\ )i>i e ^oc an d 

x®H 2 <Z P| span{S* k y : k > N) C 

The second inclusion is based on the fact that 

y = P A feE f . 

Then S* k y = S* k P A f G E s , kf V fe > 0. and since x ® H 2 a f] E s , Nf , we have 

Ar>0 

x®H 2 C H 2 (B, Xoo), 

Because by definition, Aoo is the maximal subspace such that H 2 (H), A,^) C E s ,Nf VJV>0, Then, 

£ G Aoo. 

Or, we saw before that 

xexi. 

Therefore, x = which is absurd and PaJ is a polynomial. □ 



Proposition 1.1 Lei X be a separable Hilbert space, f £ Lf^(D, X), where A is a lacunary 
sequence and (/(/c))fc>o a c.r.c. sequence. Then, 

X* Xqq . 

Proof : The inclusion Xoo C X* was proved in Corollary 1 1.31 To prove the inverse inclusion, we write 

f = P A f + P H H^x oo) f- 
Let d be the degree of the polynomial PaJ, then for any k > d + 1, 

And, 



S* fc / = S* k P H 2 ( n Xoo:) f C H 2 (B, Xoo). 



s *(d+i)f = J2 akz^-^ 1 G H 2 (B, Aoo). 

k>d 

Then, 

a/c G Aoo V k > d. 

Therefore, 

A* = P span(ak : k > n) C span(ak ■ k > d) C A 



n>0 

□ 
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According to Proposition 11.11 and since 

X^ — Xqq • 

We obtain, 

H 2 (B, X*) C E f C H 2 (B, X). 

Proof of Theorem 1.1 : If / is a polynomial, the proof is immediate. If / is not a polynomial, we 
know from what follows that 

/ = Pm(D,X^)f +P, 

where p is a polynomial. By Proposition II .![ 
Recall that by definition, 

H 2 (0, X x ) C E f . 

We have to show the double inclusion to prove the equality in the Theorem. 

It is clear that if p £ Ef then E p C Ef, and on the other hand H 2 (JD), Xoo) C Ef therefore, 

H 2 (3, X*)®E P C Ef. 

Conversely, we have S* n f = S* n P H *(B, x x )f + S * n P Vn > and since i? 2 (B, X^) is stable by S*, 

S* n f C H 2 (B, X,) ®E p Vn> 0. 

And so the inverse inclusion, and the wanted equality Ef = H 2 (0, X*) © E p . □ 

Remark : Concerning the degree of the polynomial p, we observe since Xoo = X*, that there 
exists a minimal number N(f) such that 

Xoo = span(a k : k > N(f)). 

Moreover, p= f - Pm^x^f and then, deg(p) = N(f ) - 1. 

Proof of Theorem 1.2 : Lemma Tl.21 gives the implication (ii) =>• (i). To prove that (i) => (ii), we 
have for any / £ F, 

E f =H 2 (B,X*(f))®E p , 
where p is a polynomial. This imply that 

for any / £ F and then, 

E F D span{H 2 (B, : f £ F) = H 2 {span(X*(f) : f £ F)) = iJ 2 (D, X). 

Therefore, F is cyclic. □ 

Remark : To end this part, it is also interesting to see that we can construct by this method 
cyclic series in H 2 {p, X) where X is of infinite dimension. Let (rik)k>o be a lacunary sequence 
of non-negative integers, (e n )r,,>o be a base of X and take f{z) = ^aj ; z n ' c where a k = 

k>l 

(2 k )~2ej and j comes from the decomposition of k such that k = 2 k ° + j for some integers ko 
and j with < j < 2 ko+1 - 2 ko - 1. 
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Using nearly the same approach as E. Abakumov for the case where the spectrum is a finite 
union of lacunary sequences (see [[1J, p. 283]) by taking 

i<i<N" at " \\a k \\ 2 
g = - with Kk 



l<i<N j>k 

and since we have for any fixed j, 

Yfl*« = E^nrii = E^V - Ei - »■ 

fc>0 fc>l /> ll a pll fc>0 > — fc>l 

p>2 fc +j p>2 fe +j 

Then by following the same steps it is easy to prove that H 2 ej 6 Ef V j > 0. And / is cyclic. 



1.3 ^-invariant subspaces generated by a polynomial 

In this part, we want to give a different caracterization of the subspace E p which appears in 
Theorem 11.11 

Theorem 1.3 Let F C H 2 (0, X) a closed subspace. The following statements are equivalent. 

i) There exists a polynomial p E H 2 (I$, X) of degree N such that F = E p . 

ii) dimF = N + 1 and F = Kq = H 2 (B, X) Q 0F 2 (B, X), where is an inner matricial 

N+l 

polynomial of the form = (-Pfc 1 " + zPk), with dimKer 0(0)* = 1 and Pp. : X \— ► X 

k=l 

are orthogonal projections. 

Moreover, the statement dim Ker 0(0)* = 1 is equivalent to 

3 xjv + i € X such that ||xjv+i || = 1, Pn+i = ( • j xn+i) x n+i and V A; = 1, . . . , N, 

3 Xk € (1 — Pk+i) . • • (1 — Pn+i)X such that \\xk\\ = 1 and Pk = (■ , Xk)xk- 

Proof : Suppose that F = E p = span(S* n p : n > 0) and p is a polynomial of degree N, it is clear 
that {S* n p}^L is a base for F and dimE p = N + 1. 5*£" p C E p and we take T = 5*1^. Since £ p is 
^-invariant, it can be represented under the following canonical form 

E p = H 2 {0, X) e 6ff 2 (D, X), 

8 is an inner matricial function (z i— ► O(z), ©(C) : ^ l— * is unitary |C| = 1). 
We use the factorization of Blaschke-Potapov, 

6 = V. B. S, 

where V is unitary, S is the singular part and B is the following finite Blaschke product, 

N+l 

B= l[{Pk X + bx k Pk), 

k=l 
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where b\ k are the usual factors of Blaschke product and Pk : X ^ X are the orthogonal projections. 
Moreover, a{T) = {A fc , 1 < k < N + 1}. 

In this case, we can have the following reductions; since dimE p < oo then according to Treil Lemma 
which is a vectoriel version of Kronecker Theorem (see [10]), 6(z) is rational. Then the singular part 
of the factorization is trivial and S — 1. We have, <r(T) — {0} because T N+1 = so is the only 
eigenvalue and b\ k = z V k then B can be written in the simple way, 

N+l 

B= HiP^ + zPk)- 

k=l 

We now prove that dimKerT = 1. We know that KerT N+1 = E p and KerT N ± E p . If k < N 
then dimKerT k+1 > dimKerT k + 1 or else KerT k = KerT k+1 = ... = KerT N+1 = E p but 
KerT N ^ E p and so the contradiction. For k < N, we have dim KerT k+1 > dimKerT + k and 
if k = N then dim KerT N+1 = N + 1 > N + dimKerT which leads to dimKerT < 1. But 
dimKerT ^ or else E p = KerT N+1 = {0} which is impossible. Then dimKerT = 1. 
In order to show that dimKer@(0)* — 1, and according to the fact that we can write 

Ker(S* -\I)\k 9 = {— V : e e Ker 6(A)*}, 
1 — Az 

(see [6]), if we take A = 0, iferT = Xer S* \ Ke = Ker 9(0)*, then 

dimKerT — dim Ker O(0)* = 1. 

Conversely, if O is a product of the form (ii) and T = S*\k b then using the same argument as before 
<j{T) = {0}. Moreover, using the fact that if any operator T is acting in a finite dimensional space 
then this operator T is cyclic if and only if dim Ker (T — XI) < 1 V A S C (see [7]) and it proves that 
our operator T is cyclic since KerT = Ker<d(0)* is of dimension 1. And there exists p S ife such 
that 

K = span(S* n p : n > 0). 

Since cr(T) = {0} and dimK^ = N + 1, it is clear that T w+1 = 0, then S* N+1 p = and p is a 

polynomial with e?egp < TV. The degree is equal to N because dimKQ — N + 1. 

We know prove the last statment of the Theorem. 

Let 6 be a Blaschke-Potapov product then 6 = V. B and, 

N+l 

e{0)=V.B(Q) = vl[(l-Pk). 

k=l 

Also, 

rv 
N+l 

6(0)* = [J (1 P k ).V* - (1 - A) • ■ ■ (1 - P N +i)V*. 

k=l 

So, Xer6(0)* D Ker {1 - P N+1 )V* or dim Ker 9(0)* = 1 then dim Xer (1 - P N+ i)V* = 1. 
And since V is a unitary factor then dim Ker (1 — Pn+i) = 1 i.e. RankPN+i = 1. Therefore, 

dimmer 6(0)* = 1 4^ RankP N+1 = 1 and 2fer(l - Pi) .. .(1 - Pv)|(i-p N+1 )x = {0}- 

Taking a look at the projections Pk of 6, we have seen that Rank Pn+i = 1 then there exists xjv+i £ X 
such that ||aciv+i|| = 1 and Pn+i — ( ■ - xn+i)xn+i- 

Since (1 — Pi) ... (1 — Pn)\(i-p n+1 )x ls injective then Ker (1 — Pat) Cixn+i 1 ' = {0} and Rank Pn < 1 
and there exists xn S X such that \\xn\\ — 1 ; Pn — {-,xn)xn and a;^ ^ ^Ar+i X - 
By the same way, (1 — P/v-i)(l — Pn)\(i-p n+1 )x is injective and, 

Pat_iA n (1 - P N )(1 - P N+1 )X = {0}. 
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Therefore there exists xjv^i G X such that ||a;jv-i|| = 1; fjv-i = %n-i)%n-i and Xn-i ^ (1 — 
Pn)xn+i ± ■ By iteration, we obtain 

V fc = 1,.. .N, P k = (., x k )x k ; \\x k \\ = 1, .T fe G (1 - Pfe+i) ... (1 - Pat+i)X. 

It is easy to see that this proof is reversible and this property caracterizes the products 6 participating 
in (ii). □ 



1.4 Lacunary series and cyclicity for any power of the backward shift S* 
inH 2 

Lemma 1.9 Let X be a separable Hilbert space, N G N* and, 

f G H 2 (B, X), F G H 2 (B, X N ), f(z) = F(z) = ^F(fe)z fc , 



k>0 



k>0 



whereX N =Xx...xX (N times) andF{k) = (f{Nk);f{Nk + l);...;f{Nk + N-l)) G X N . 
The following statements are equivalent. 



i) f is S* N -cyclic in H 2 (B, X). 



ii) F is S* -cyclic in H 2 (H), X N ). 



Proof : 

We consider, 



* : H 2 (B, X) — > H Z (B, X N ) 



( ?{Nk) 



f .— > *(/)(*) = ^F(fc)z fc , avec F(k) = 

k -° \ f(Nk + N-l) 

"J/ is an isometric isomorphism and we have the following commutatif diagram, 

Ct + N 




s* 

ff 2 (D, X N ) — ^i- H 2 (B, X N ) 



According to this diagram, 



S* XN V = VS* X N . 
Indeed, let / G H 2 (B, X) and g(z) = ^ f{k)z k ~ N . Then, 



k>N 
„k-N 



*S* x N f = *(J2f(k)z k - N ) = = ^G(m)z m = ^ N F(z) = S* x ^(f), 



k>N 



m>0 



because G(m) = (g(Nm), . . . ,g(N(m + 1) - 1)) = (f(N(m + 1), . . . ,?(iV(m + 2) - 1)) V m > 0. 
Since = WSj^ then V fc > 0, , S^V* = $S x Nk and for any complex polynomial p, 

p(S* xN Mf) = *P(S* x N ). 
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If / is cyclic for S* X N in H 2 {B, X) then *(/) is cyclic for S* xN in JJ 2 (D, X N ) and conversely. □ 

This connection between cyclicity of the operators S^n and gives us a criterion to have 
lacunary series cyclic for any power of the backward shift operator S* in H 2 . 

Theorem 1.4 Let N £ N* and f G if^(B, X), where A is a lacunary set of non negative 
integers and (f(k))k>o a c.r.c. sequence in X . The following statements are equivalent: 

(i) f is S* N -cyclic in H 2 {B, X). 

(ii) span((j{Nk))T{Nk + l)-,...-J{Nk + N - 1)) : V k > rr?J = X N V m > 0. 
Proof : The function / can be written on the form 

k>l 

with /(fc) ^ and ^-i > d > 1, V k > 1. 
We take for any fe > 1, 

n fe = Np k + q k , 

where < qk < N - 1. Let 

l(fc) = (f(N Pk yj(N Pk + 1); . . . ; / (7Vp fc + jv - 1)) . 

It is easy to verify that 

A k + V k > 1. 

The function = ^^4feZ Pfc is a lacunary series i? 2 (D, X w ) because 

fc>i 

rife+i iVpfc+i + q k+ i Np k+ i + N p k+1 1 

a < = < = 1 . 

n k Np k + q k Np k p k p k 

Therefore, for any ko enough bigger to have ^- < k > k , we will have 

Pk+i ^ d+1 

> — ^— > 1, K > fc - 

Pk 2 

And applying Theorem 1 1.2^ we obtain that F is cyclic if and only if statement (ii) is satisfied. Lemma 
11.91 finishes the proof. □ 



This previous Lemma is very interesting because we can now construct lacunary series in 
H 2 which are cyclic for any fixed power of the backward shift S* by giving a necessary and 
sufficient condition on the Tayor coefficients of the considered function but can also describe 
the spectrum of 5* 7V -cyclic lacunary series in H 2 . 

Corollary 1.4 Let N 6 N* be a fixed non negative integer and f(z) = ' s ^akZ rik G H 2 a 

fc>l 

lacunary series. Suppose that for any k > 0, a k ^ 0. The following statements are equivalents: 

(i) f is S* N -cyclic. 

(ii) V m > 0, V % = 0, . . . , N — 1, 3 k, Uk > m : n k = i (modN). 



15 



Proof : The criterion on Taylors coefficients in Theorem 11.41 to have cyclicity for lacunary series is 
realised because of the nature of the spectrum a(f). Indeed, if n,}. = i(modN) then F(k) = a^i 
where (e^)^ 1 is a standard base of C^. □ 

Remark : It is also possible to construct a lacunary series f(z) = ' s ^akZ TLk S H 2 which is 

fc>i 

S'* Ar -cyclic for any N G N*. It suffices for that to consider the lacunary sequence, 

n k = (k + 1)! + k. 

For any fixed integer N > 0, and for any integer m, the trunqued sequence (rik)k>m meets all 
classes modulo N and that guarantees the cyclicity according to Theorem 11.21 



Definition 1.2 Let N be a nonzero integer, cyc(S* N ) is the set of cyclic functions in H 2 for 
the operator S* N and for a given function f G H 2 , we consider the following set 

A(f) d = f {N G N* : / € cyc(S* N )}. 

We want to study the nature of A(f) and for that we need a well-known Theorem in number 
Theory very useful in this situation. It is the Theorem of simultaneous congruences also called 
the "Chinese Theorem", 

Theorem 1.5 Let n\, rt2, • ■ • , be some prime numbers such that each of them is prime 
with any of the others and oq, 02, ... , afc are any integers, then there exists a unique integer 
r such that, 

k 

r = en (modrii), l<i<ket0<r< \\ni — 1- 

i=i 

We give the following caracterization of A(f). 

Lemma 1.10 Let A C N* and 1 € A, these assertions are equivalents: 

(i) N £ A, m \ N ^> m e A. 

(ii) There exists f € H 2 such that A = A{f). 
Proof : 

(ii) (i) : It is easy to show that if / G eye (S* N ) and if m | N then / G eye (S* m ). 

(i) =>■ (ii)) : Let (pi)i>i be the sequence of prime numbers. For every prime number p, we consider 

a p = max{a > : 3 a G A : p a \a}, 

and observe that < a p < 00. 
We take for any n > 1, 

n 

a„=n^ inf(n,Qpi) ' 

i=l 

We also consider for any n > 0, the finite set B n of prime numbers in {pi}i=i,... n which are not dividing 
a n . We can apply now the Theorem on simultaneous congruences. We defined the following sequence, 

n k = (k + \)\ + r k Vfc> 1, 
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where for any k > 1, = k (mod ah) and rfc = (modb) V6 6 Bfc. This sequence is lacunary because 

_ (fc + 2)! + r fc+1 (fc + 2)! (fc + 1)! fc + 2 

n fe ~ (fc + l)! + r fe " (fc + 1)! + (fe + 1)! - ^ + ^2(fe+l)! ~ 2 

and has the particularity that even trunqued from any finite number of it first terms, it takes all classes 
modulo each number of A. Indeed, let a € A, for n enough bigger a\a n since this one contains the 
decomposition in prime numbers of a and / is S* a ™ -cyclic because the sequence r„ takes all classes of 
a n then / is ^"-cyclic since a divides a n . 

We want to prove that / is not S'* a -cyclic if a ^ A. Since a £ A, then according to property (£) in 
the statement of the Lemma, there exists a prime number b | a and b € £?„ if n is enough bigger. The 
sequence r n lays on the class (mod b) when n is enough bigger then / is not S -cyclic and therefore 
is not S'* a -cyclique because b divides a. □ 



2 Construction of cyclic series whose spectrum is a finite union 
of lacunary sequences 

In this part, we combinate our approach with the study given by N. K. Nikolski and V. 
I. Vasyunin [8] and use some tools they introduce to give a method for constructing cyclic 
functions / in H 2 (H), X) with dimX = d < oo and whose spectrum cr(/) = A is a finite union 
of lacunary sequences. 

We give here the definition of the degree of cyclicty of a function and some results which are 
helpfull for us to give the construction we propose here to do. 

Definition 2.1 Suppose that F C H 2 (H), X), and dimX = d < oo. 
The degree of cyclicity of the subspace F is defined to be the number 

dc(F) = coDim[H 2 (0, X) Q E F ] d = d - maxdirn{g(() : g G H 2 (B, X) Q E F }. 

If s is an integer then let 

C s = Cf d = f {F : F C H 2 (B, X), dc(F) < s}. 

Corollary 2.1 Let F and G be subspaces of H 2 (B, X). 
i) IfFc G, then dc(F) < dc(G). 
u) dc(F + G) < dc(F) + dc(G). 

Hi) If Ep = H 2 (H>, X) QpH 2 (I]), X) is the canonical representation of the space Ep, then 

d c (F + G)= dc(F) + dc(P + e* F G). 

Theorem 2.1 Let ip = {^} 1<i<rf £ H 2 (C d ). The following assertions are equivalent: 
i) ip is a cyclic vector in H 2 (B,C d ). 
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ii) For any cyclic vector <fi in H 2 (U>, C d x ) ; there exists an index i (1 < i < d) such that the 
vector (^_) is cyclic in H 2 (C d ). 

In the scalar case H 2 , as we mentioned it before, E. Abakumov proved that functions whose 
spectrum is a finite union of lacunary sequences are cyclic. We will give some constructions 
of cyclic vector-valued functions whose spectrum is a finite union of lacunary sequences. 
Here, we give a Theorem on the existence of cyclic functions for the backward shift in H 2 (H), X) 
with dimX < oo and whose coordinate functions are lacunary series in H 2 and with the 
possibility to choose this lacunarity for each one of them. 

Theorem 2.2 Let Aj C N, i = 1, . . . , d arbitrary lacunary sequences. There exists a cyclic 
function ip = {^}i<j<d € H 2 (D, C d ) such that cr(V>i) = Aj, 1 < i < d. 

Proof : We consider V i, 1 < i < d any infinite lacunary sets Aj of N. 

We take F\ = ipi and a{4>i ) = Ai which is cyclic in H 2 according to the Theorem of Douglas-Shapiro- 
Shields. 

Let ^2 = Cjpl'l) where <r('02, i) = A2, i — 1, 2. ^ is cyclic if the criterion of Theorem ll.2l is verify i.e. 

spanii^' 1 ^^] :k>N)=C 2 , V N > 0. 

This condition is easily realised for some convenient coefficients. Since both of the functions F\ and 
^2 are cyclic we can apply Theorem 12.11 Therefore, there exists ip2 — ip2,j for some index j G {1; 2} 
such that the function F 2 = Qj£) is cyclic in H 2 (B, C 2 ). 
In the same way, we can consider the previous cyclic function F2 and 

<jr, = 



where V i S {1, 2, 3}, <j(ip3,i) = A3 is such that, 




span 



^3,2(fc) I : k > N) = C 3 V N > 0. 

\ $3,3(fc) 



This last condition is easily realised with appropriate coefficients. We apply again Theorem 12.11 which 
gives the existence of ip 3 = ipsj for some index j G {1, 2, 3} such that the function 

Fa = 




is cyclic in H 2 (B>, C 3 ) with cr(ipi) = Aj, 1 < i < 3. By iteration, we obtain a cyclic function ^ = 
{^}i< <d ^ n H 2 (^- d ) an d its coordinate functions ipi are lacunary series in H 2 wiht spectrum in Aj. 
□ 

We want in this part to extend Theorem ll.2l for some particular cases of functions inH 2 (0, X d ) 
whose coordinate functions are lacunary series with different spectrum. We start by giving a 
general Lemma without any condition on the spectrum of the given functions. 

Lemma 2.1 Let X be a separable Hilbert space and f G H 2 (U), X d ), 
The following statements are equivalent: 
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i) f = 



( h \ 

h 



is cyclic. 



ii) Vtf; € H°°, i?i # 0, i = l,...d, 



Hi) 3 0j e i9j ^ 0, i = l,...d, 



( P+(0i/i) \ 

v iv^/d) y 
v ^+(^d/d) y 



is cyclic. 



is cyclic. 



Proof : Since ii) Hi) is trivial, we first prove that i) => m) and then Hi) => i). 
i) =>■ ii). V i?j e i? 00 i9i ^ 0, i = 1, . . . d, we define the operator 2? by, 

P : H 2 (B, X d ) — > H 2 (B, X d ) 

( P+(lm) \ 

g .— > P(g)= . 

V P+($ d g d ) ) 

We have to show that T>H 2 (B, X d ) is dense in H 2 (B, X d ) and it suffices to prove that 

KerV* = {0}. 
To define V*, we look at the scalar product, 



We obtain, 



i=l 



i=l 



? = 1 



V*g 



( &i9i \ 

$292 

V $dg d J 



V g E H 2 (B, X d ). 



UV*g = 0, then d l9l = Vi = 1, . . . d. But ^ ^ Vi = 

52 

Therefore, #i = . . . = g d = and g = . =0. 

v 9d y 

And so T> is dense in H 2 (D, X d ). Moreover, for every n > 0, 

S^D/ = VS* n f. 
If / is a cyclic function in iJ 2 (D, then 

Evf = span(S* n Vf : n > 0) D V{span(S* n f : n > 0)) = ZXE/. 
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But E f = H 2 (D, X d ) and E vf is closed then, 

E vf = H 2 {H 7 X d ). 

We verify that Hi) =^ i). Let tfj 6 i?i ^ and / e F 2 (D, A d ) such that X>/ is cyclic. 
We take, 

e = d l d 2 ...d d . 

And for every i = 1, . . .d, 



Suppose that, 



/ P+ilih) \ 

P+0?a/a) 



is cyclic. 



If we consider the previous application V defined with the functions 6\ , . . . , 8 d and using the already 
proved implication i) ii), then the function 



V 



( PMl) \ 










h 


= p+o 




V P+@ d f d ) J 




K h J 



P+0.f 



is cyclic. By approximating 8 by its Fejer polynomials <f> n , we obtain ||0 n ||oo < ll^lloo and 4> n (0 — v 0(C) 
a.e. £ £ T which leads to 

lim 11^(5*)/ -P+0/|| 2 = O. 



Then P+0f G and so = i? 2 (D, X d ). 



n — >+oo 

am vd\ 



□ 



Theorem 2.3 Lei X be a separable Hilbert space and A an infinite lacunary set. Choose 
{mi, m 2 , . . . , m^} C Z some yixed integers. 
And let, 

f = (fi)i<i<d G # 2 (D, 
where cr(fi) C A + m,. Suppose that the sequence 



(fi(k + mi), / 2 (/c + m 2 ), . . . , + m d ))) k > 



is c.r.c. in X d , then 



f cyclic 44> span 



( /i(fc + mi) \ 
/ 2 (A; + m 2 ) 

V f n (k + m d ) } 



: k>N) = X d V N>0. 



Proof : We use the criterion of cyclicity from Theorem 11.21 for lacunary series in 7? 2 (D, X ). We 

suppose, without loss of generality that cr(f d ) = A = {nk}k>i et mi > ra 2 > ■ ■ ■ > rrid — 0. 

It is a direct application of Lemma I2TT1 which gives the equivalence. Take = i = 1, . . . d. Then, 



Vf = 



( 5* mi /i \ 
S* m2 f 2 



V s* m «f d J 
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is a lacunary series because the spectrum of each coordinate function is included in A. Moreover, 

■Df(k) = (fi(k + rn i ))U, V k > 0. 



The application of Theorem 11.21 and Lemma [2711 finish the proof. □ 
Example: Let (n^^i be a lacunary sequence of Hadamard and / G H 2 (B, C 2 ) such that, 



/(*) = £( o WE 
fc>i v 7 fc>i 



6, 



° 1 z nfe+1 . 



According to the previous Proposition, if V m > 1, 



span( ( ^ fc ) : A; > m) = C 2 



then / is cyclic. 



It is well known among properties of cyclic vectors in H 2 the following fact 

feC,g£N^f + geC. (*) 

In general, this is not true in the space H 2 (J}, X) where X is a separable Hilbert space as we 
can see in the following trivial example: If we consider in H 2 (H>, C 2 ) a cyclic function of the 
form 

h 



f 

and the function g, 

9 = 

Then, dc(f) = 2, dc{g) = 1 and the sum, 



-h 







h 



f + 9 = 

is not cyclic and so / G C, g£N=frf + g£C. □ 



In the case of vector-valued spaces H 2 (B, C d ), and using the degree of cyclicity of a func- 
tion / € H 2 (H), C n ), it is possible to save a part of the previous implication (*). For example 
if /, g G H 2 (B, C d ) are such that / G C (then dc(f) = d) and g G N with dc(g) = then 

f + gtc. 

We can see this fact as a direct consequence of (Hi) in the Corollary 12.11 

We will describe some pair of functions {/, g} C H 2 (H), C d ), f cyclic and g non-cyclic with 
dc(g) = 1, such that / + g is cyclic. The following Proposition allows us to construct cyclic 
functions in H 2 (H>, C 2 ) whose spectrum is a finite union of the form (nk)k>i U ( n k + l)fc>i 
where (n^^i is lacunary sequence. 
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Proposition 2.1 Let (rik)k>l be a lacunary sequence of Hadamard. 

(f>i = [ ^ ) , <f2 = ( ^ 2 ) two functions in H 2 (B, C 2 ) such that cr(fi), o~(gi) C (rik)k>i 
V 91 J V 92 J 

and cr(/2), 0"(<72) C (n^ + l)fc>i. Suppose that dc(fi) = 2 and dc(f2) = 1 and the following 
condition fullfiled 

Uk) 

span( I gi(k) I : k > m) = C a , V m > 1. 



52 (A: - 1) 



T/ien </?i + </9 2 is cyclic. 



We omit the proof here because it is nearly the same as the following one we give for the next 
Proposition 12.21 with minors changements. 

r 

Remark: We can generalize this Proposition in H 2 (H>, C d ) to series of the form / = ^~]<Pk 

k=l 

where crfyi) C (n^ + i)k>i, i = 1, • • • r and dc((pi) = d, dc{ifi) = 1 for i = 2, . . . r for any 
d, r > 1. Note that if d = 1, the Proposition is true because of the result proved by E. Abaku- 
mov on the cyclicicty of functions whose spectrum is a finite union of lacunary sequences. 
We can see by the following example that the criterion of Theorem 11.21 does not work for 

functions in £f 2 (B, C d ) whose spectrum is finite union of lacunary sequences with bounded 
blocks. The next Proposition (as Theorem 12.31) is a partial answer by giving a sufficient con- 
dition of cyclicity for these functions. 



Example: 



The spectrum of this function is the union of two lacunary sequences with bounded blocks of 
length two and it is clear that the criterion of Theorem ll.2l is realised because for every m > 0, 

span(F(k) : k > m) = spaniy f q ^ ^ > ( 1 ' ^ — m ) = ^ ' 

But it is easy to see that F is not cyclic. 



Proposition 2.2 Let r, d > 1 two fixed integers and tp = ^^fc & H 2 (3, C a 

k=l 

where c(fi) C (n^ + i — l)fc>i, i = 1, . . . r. Suppose that for every m > 0, 



span( 



<P2(k + l) 

\ <p r (k + r-l) J 



: k > m) 



*>dxr 



Then <p is cyclic. 
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Proof : We take in ff 2 (B, C dxr ) the following subspaces, 



F = span 



( fl + + <^3 + • ■ ■ + Vr \ 





G = span 



( <P2 \ 




V o J 



( ^3 \ 







V o J 



( <Pr \ 





\ ~<Pt J 



Using the equation of Corollary 12. II and the fact that dc(P+0* F G) < dc{G) (it is a consequence of DC 
Lemma in [§]) and because G is generated by r — 1 functions of degree d, we obtain 

dc(G) < (r - l)d. 

Moreover, if we suppose that dc(F) < d then dc(F + G) < rd. On the other hand, 



( W \ 

\<Pd J 



eF + G. 



This function is cyclic in if 2 (IB), C dxr ) according to the condition given in the Proposition and because 
of Theorem 12.31 then dc(F + G) = d x r. This contradiction shows that in fact <p is cyclic. □ 



3 Lacunary series with bounded blocks 

We want here to find a criterion of cyclicity which is also available for some type of func- 
tions who generalize lacunary series. The following Lemma and Proposition can be regard as 
preparatories for such a description. 

Definition 3.1 Let X be a separable Hilbert space, f G H 2 (I$, X) has the bounded block 
lacunary property if there exists N G N such that 



k>0 



where ^Ar(/)(/c) 



/ f(Nk) 
\ f(Nk + N-1) 



G X and er(\l/jv(/)) is a lacunary sequence. 



Examples : 

(i) The sequence (a k )k>o where o£N\{0, 1} has the lacunary bounded block property. 

(ii) The sequence = k\ + k has not the lacunary bounded blocks property. This example 
also shows that this property is not connected to the speed of growth of the sequence. 

(hi) The sequence ^k>i[ n k-> n^+N] where (rik)k>i is a lacunary sequence has not the property 
in general. 
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We give a criterion of cyclicity for series with the property of lacunary bounded blocks. 

Lemma 3.1 Let F be a familly of functions in H 2 (J}, X). The following statements are 
equivalents. 

1. F is cyclic in H 2 (B, X). 

2. The familly {*n(F), ^ n {S*F), ^ N {S* N ^F)} is cyclic in H 2 (B, X N ). 

Proof : It suffices to see that from one hand Wjy is a isometric ismorphism from H 2 (J}, X) to 
H 2 {p i X ) and on the other hand any integer k can be writen with the euclidian division k = pkN+qk, 
where < qt < N — 1 and therefore, 

* N (S* x k F)=S*™V N (S*i'°f). 

□ 



Proposition 3.1 Let N be an integer and F € H 2 (0, X) a finite familly of functions such 
that V / £ F, the sequence (/(&)fc>0 is c.r.c. and ^N(f) has the lacunary bounded blocks 
property. The following assertions are equivalent: 

1. F is cyclic in H 2 (B, X). 

2. X*($) = X N where $ = {* * N (S*F), ^(S^^F)}. 

Proof : It is a consequence of Lemma 13.11 and Theorem 11.21 □ 

In this part, we want to solve the problem of cyclicity for series whose spectrum is included 
in infinite sets of the form 

A = U fc >oK;n fc + N], 
where (rik)k>o is a lacunary sequence and N a fixed integer. 

We take such a series / and we give the construction of an S*-invariant subspace F C Ef which 
play the role of the subspace H 2 (B>, X*) in Theorem ll.il At this time, we can not prove that 
F is 5*-invariant (and in general it is not the case), but we still think that the final criterion 
depends directly on the nature of F. Here is the construction. 

Lemma 3.2 Let X be a separable Hilbert space and 

f{z)=Y J Pk(z)z n ^H 2 (^ X), 

where Pk are polynomials of degree less or equal to N and (rik)k>i is a lacunary sequence. 

Suppose that the sequence ( ll pj l )fc>x * s r ^ a ^ v ^y compact in Vn(X). 

Then, there exists a non zero polynomial P, deg P < N with values in X such that 

H 2 ® P C E s *n f V n > 0. 

We omit the proof which is closed to the one we give in Lemma [L6l and it is clear from it that 
deg(P) < N. We call Vn(X), the set of polynomials whose degree is less or equal to iV and 
with values in X. 
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Corollary 3.1 Let f as in Lemma \3.2\ . Then there exists a closed subspace L C Vn(X) such 
that 



(a) L/{0}. 

(b) F:=H 2 ®Lc f]E s * kf CE f , 

k>0 

(c) If g G Vn{X) et H 2 ® g C £/, then g G L f"L is maximal"). 

Proof : Indeed, by definition, H 2 eg) L = clos H 2( B ,x){^^hjPj : hj 6 i/ 2 , pj e L}. 

Then, if L a , a e A, satisfied the statement (&), then it is true for span^^, x)(L a : a £ A). The rest 

are direct consequences of Lemma [321 a 

The following Theorem gives the others properties of the subspace F = H 2 (8 L defined in 
Corollary 13.11 which are connected to the possible cyclicity of /. 

Theorem 3.1 Let X be a separable Hilbert space and 

f{z)=Y J Pk(z)z n * a 2 (B, X), 
k>i 

where Pk are the polynomials with degree less or equal to N and (rik)k>i a, lacunary sequence. 
Suppose that the sequence (Pk)k>l i> s c.r.c. in Vn(X). Let F = H 2 (g> L, the subspace in 
Corollary [Q. Then, 

(i) SF C F C (~}E s * kf C E f . 

k>0 

(ii) f = g + p where g & F and p is a polynomial. 

(Hi) ^E s ,kj = clos(F + S*L + . . . + S* N L) and there exists d>0 such that 



k>0 



S* d f G clos(F + S*L + ... + S* N L) = p| E s * kf . 



k>0 

In particular, 

S* d E f = clos{F + S*L + ... + S* N L). 

(iv) If dim X < oo then the necessary and sufficient condition to have f cyclic is for L to 
have the maximal rank in X, i.e. 

dimX = r := max dim(p{z) : p G L). 
\z\<l 

Proof : It is clear that we have (i). 

(ii) By definition, / = ^z nfc P/c, with deg(Pk) < N. On the other hand, every convergent sum on the 

fc>i 

form g — '^^z nk Qk, where Qk G L is in F = H 2 ® L. In particular, it is the case for the series g with 
fc>i 

Qk = P L {Pk)- Then, p:=f-ge E f and p = ^z" fc P L ^ (P k ) where L 1 - = V N {X) Q L. 

k>l 
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Lemma [331 can be apply to the series p instead of /. If p is not a polynomial, we obtain a polynomial 
R^O, Re Vn{X) Q L such that H 2 ® R C f]E s , kf C Ef. The contradiction (with Corollary |3~T|) 

fe>0 

shows p is a polynomial. By taking g — ^^z nk P^Pk) £ H 2 ® L and / = g + p, we obtain the result. 

k>l 

(Hi) By definition, 

H 2 <g> L = dos^^^l^c,-^^ : ft' e 
(The sums are finite). On the other hand, for every sum A = ^^CjZ^pj e _ff 2 ®L and for every fc > 0, 
we have 

5**4 = qSr^-fipj + J2 c i zj ~ k Pi £F + S*L + ... + S* N L. 

Q<j<k j>k 

(Note that S* k L = {0} for k>N), Then, 

E H 2® L c dos(F + S*L + . . . + S* N L) c f| E s , kf . 

k>0 

(For the last inclusion: ^E s ,kf is a closed S'*-invariant subspace and F, L C ^ i?s»ky . 

fc>0 fe>0 

According to (m), / -peF = i/ 2 ® L where p is a polynomial. Then there exists d > such that for 
every A: > d, we have 

e 5*^(^2 ^ L ) c c^s^ + s*L + ... + S* N L). 

This leads to 

f)E s * kf c dos(F + 5*i + ... + S'* Ar i), 

fc>0 

and then holds the equality in (Hi). 

(iv) Observe first that in the case where dimX < oo, the subspace F has the finite co-dimension in 
Ef (see the formula in (Hi) of the Theorem). Suppose now that Ef = H 2 (U), X). Then, H 2 ® L 
is a S- invariant subspace in H 2 (H), X) of finite co-dimension. It is easy to see that such a subspace 
has the maximal local rank (for example, we can use the representation of Lax-Halmos which gives 
F = H 2 ®L = BH 2 (B, X') (where B is a product of Blaschke-Potapov). But, since F = H 2 ®L, the 
local rank of F, i.e. 

r := max dimifiz) : / 6 F), 

\z\<l 

is equal to the local rank of L. Then, r = dimX. 

Conversely, suppose that r = dimX. The subspace F C i/ 2 (D, X) is S'-invariant and then has the 
canonical representation of Lax-Halmos, F = OiJ 2 (D, X'), where X' C X and 9 is a left inner 
function. Since the local rank of F coincides with the local rank of L and using the Hypothesis, 
r = dimX, we have 

dimX =r = dim(e(z)H 2 (B, X 1 )) < dimX' < dimX. 

Then, X = X' and, 

det(e)H 2 (B, X) C OH 2 (B, X) C E f . 

But 9 = det(Q) is a scalar inner function and the S^-invariant subspace generated by 6H 2 (H) 7 X) 
coincides with H 2 (IS>, X). If cp n are the Fejer polynomials of 6, we have 

Urn \\P + 4Jf -fh= lim \\MS*)0f - /|| 2 = 0, 

71 — >oo n— s-oo 

for every / € H 2 (B, X) and therefore, Ef = H 2 (B, X). □ 
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Remark : If dimX < oo, the subspace H 2 <g> L has the finite co-dimension in Ef and it 
seems very possible to have a certain criterion of cyclicity in H 2 (D, X) of lacunary series with 
bounded blocks. 

We deduce the following Corollary, 

Corollary 3.2 Let f as in Theorem \3.1\ 

(i) If X = C, then f is cyclic. 

(ii) If dim X < oo, then H 2 ® L is a subspace of Ef with the finite co-dimension (< (N + 
l).dimX), 

(Hi) If dim L = (N + 1) . dim X , then L = Vn(X), and then f is cyclic. 

(iv) We have, L C C^spanx(Pk ■ k > n) and 

n>l 

^\span x {Pk{z) : \z\ < 1, k > n) = {^\span x {Pk{j) ■ < j < N, k > n). 

n>l n>l 

(v) If f] span x (P k : k > n) + V N (X), or f] span x (P k (j) : < j < N, k > n) + X, then 

n>l n>\ 

f is not cyclic in H 2 (J}, X). 
Example: Let X = C 2 , P k = ak{e\ + ze 2 ), «fc 7^ 0, ^^|flfc| 2 < oo ou ej, j = 1, 2 is the 

fc>0 

standard base of C 2 . Then, N = 1, L = {XPi : A G C}, the local rank of L is 1 and 
^spanx(Pk '■ k > n) ^ ^(C 2 ). the function /, of course, is not cyclic (see Theorem I2.3p . 

n>l 

4 The case of the polydisc 

In this section, we work with H 2 spaces on the polydisc B n and consider multiparameter 
backward shifts. By definition, 

H 2 {W) = {/(,) = ]T/(a)A ^|/(a)| 2 < oo}, 

where z = (zi,. . . , z n ) G B n , a = (a%, . . . , a n ) G is a multi-index and z a = z® 1 . . . z" n the 
elementary monomial in B n . We refer to [9] for any supplementary information on the spaces 
H 2 {W). We have L 2 (7L\) = l 2 (T\) = H 2 (^ n )- 

We define the multiparameter semi-group (S* a ) a ^n such that for any power series f(z) = 
^2f(a)z a in B n , we have 

a>0 

/3>0 

The semi- group (5'* a ) Q , e z™ has n generators S*, . . . , S*. 

It is clear that / G H 2 (B n ) S* a f G H 2 (B n ) and \\S* a f\\ 2 < ||/|| 2 . Let a(f) be the (Fourier) 
spectrum of /, 

a(f) = {a G Z" : /(a) / 0}. 
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We define the space H 2 on B n with values in a separable Hilbert space X by 

H 2 (O n , X) := {/(*) = ]T/(a)z a such that f(a) G X and £)||/(a)|& < oo}. 

a>0 a>0 

As before, we also define, 

E f = span H 2 ipn ^ x) {S* a : a G Z"}. 
And / is said cyclic if E f = H 2 {O n , X). 

The goal of this part is to find an analogue of the main result of the first part of this paper. 
We study the case of functions / G H 2 (W\ X) whose spectrum is "rare" in the following sense. 

(CI) There exists a constant C such that, 

card{(a, a') C a{f) x a(f), a ^ a' : (3 = a - a'} < C, V G V\ 



(C2) lim (a,-+i & — ay &) = 00, V fc, 1 < < n. 

j->oo 

Remark: It is obvious that if for a sequence (ay)j>i C Z™ , one of his componant sequence 
(<2j,A:)jeZi) 1 < A; < n is a lacunary sequence in the sense of Hadamard, then the statement 
(CI) is satisfied. 

Lemma 4.1 Let X a separable Hilbert space. 

For any series f G H 2 (W l , X) satisfying (CI), (C2) above and if (f(k))k>o is a relatively 
compact sequence, there exists a non-zero element x G X such that 

H 2 {O n , X)«iC E s . Pf V/3 G Z\ . 

Proof : Let — (0i, . . . ,0 n ) G Z™ be fixed and / G H 2 (B n , X) verifying the previous statements. 
According to (C2), / can be written 



fc>0 

Using (C2), there exists an integer ko such that 

a k - a^-x > 0, y k > k Q . 

And for any k > ko, 



H^ll ll/K)ll 



</*( 

We take r fe = V ~ " and using the same method as in Lemma 11.61 with some minor 

^ll/K)ll 

changements we prove that, 

• -v 



z^x G Et V /? G Z" 



By the same way, we show that z?x G E s , af V a, /? G Z™ and J ff 2 (B", A) ® x C Ego,/ VaeZf. □ 
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Theorem 4.1 Let X be a separable Hilbert space. 

And f G H 2 (B n , X), f(z) = ^J(a k )z ak such that a(f) is satisfying statements (CI), (C2) 

k>0 

and (/(o!fc))jfc>o is c.r.c. The following assertions are equivalents. 

1) f is cyclic for S* in H 2 (B n , X). 

2) span(f( aj ) : j > k) = X V k > 0. 

Proof : The study we give in the first part of this article with the space H 2 (D, X) where X is a 
separable Hilbert space and the techniques developped can be used for the space H 2 (W l , X) since 
Lemma [4~T1 is fullfiled. □ 



Lemma 4.2 [1\ Let 1 < p < oo, and let ft be a S* -invariant subspace of la (i.e., if f E Q 
then S*f E Q). Suppose that the inclusion 1 € span(S* k f, k > 0) holds for any f E Q. Then 
all elements of SI are cyclic vectors in la- 
in the case X = C, we can easily prove the cyclicity of /, it is possible with Lemma 14.11 to 
have 1 G span(S* a f, a G Z^_) because it is possible to divide by x in the scalar case. To 
conclude, we need to give a generalization of the previous Lemma for the space H 2 (B) n , X). 
If we consider S* a = . . . S"*" 2 V a = (a±, . . . , 02) G U\_ , it suffices to use the same induc- 
tion argument done by E. Abakumov in Lemma I4~2l but in H 2 (B n ) and in the following way; 
j] = (771, ... , rj n ) G Z™ is fixed and we suppose that z@ G span(S* a f, a G ) V (3 < 77 then 
z* G span(S* a f, a G 7L\). 

Remark : It is interesting to see that in Theorem 14.11 it is possible to take series f(z) = 
'^2f(ak)z ak in the space H 2 (3 n , X) whose Fourier spectrum is a set of the form 

fc>0 

a k = (ml, ml), 

where (m J k )k>i are any lacunary sequences for j = 1, . . . n. ■ 

References 

[1] E. V. ABAKUMOV, Cyclicity and approximation by lacunary power series, Michigan. 
Math. J, 42 (1995), no.2, 277-299. 

[2] A. B. ALEKSANDROV, Gap series and pseudocontinuations. An arithmetic approach. (Rus- 
sian) Algebra i Analiz 9 (1997), no. 1, 3-31; translation in St. Petersburg Math. J. 9 
(1998), no. 1, 1-20. 

[3] A. B. Aleksandrov, Lacunary series and pseudocontinuations, translation in J. Math. 
Sci. (New York) 92 (1998), no. 1, 3550-3559. 

[4] R. G. Douglas, H. S. Shapiro, A. L. Shields, Cyclic vectors and invariant subspaces 
for the backward shift operator, Ann. Inst. Fourier (Grenoble), 20 (1970), fasc.l, 37-76. 



29 



[5] C. FoiAS, B. Sz. NAGY, Analyse harmonique des operateurs de I'espace de Hilbert, Masson 
et Cie et Akademiai Kiado, Budapest, 1967. fasc.l, 37-76. 

[6] N. K. NlKOLSKII, Treatise on the shift operator, Springer- Verlag, Berlin, 1986. 

[7] N. K. NlKOLSKII, V. I. VASYUNIN, Control subspaces of minimal dimension and root vec- 
tors, Integral Equations Operator Theory 6 (1983), no. 2, 274-311. 

[8] N. K. NlKOLSKII, V. I. VASYUNIN, Classification of H 2 -functions according to the degree 
of their cyclicity, Math. USSR, 23, 225-242 (1984). 

[9] W. Rudin, Function theory in the in polydiscs, Benjamin, W. A., 1969. 

[10] S. R. TREIL, The Adamyan-Arov-Krein Theorem: Vectorial variant, Zap. Nauchn. Sem. 
Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 141 (1985), 56-71. Translated in J. Soviet 
Math. 



30 



